Abstract-Based on a geometrical method, the internal relationships between locally parameterized curves and the local parameterized surfaces are analyzed. A necessary and sufficient condition is derived for the local convexity of parameterized surfaces and functional surfaces. A criterion for local convexity (concavity) of parameterized surfaces is found, also, the criterion condition of binary function convex surfaces is obtained. Finally, the relationships between a globally parameterized curves surfaces is discussed, a necessary condition is presented for the global convexity of parameterized surfaces , and it is proved that locally convex parameterized surfaces are also globally convex.
I. INTRODUCTION
With the development of CAGD technology, the geometrical morphological analysis of parameterized surface has become an important subfield of CAGD, which is the research content of differential geometry in the analysis and study of free parameters surface. The geometrical design theorem is the foundation of the application, such as modeling and design of industrial product, Computer Aided Process and Analysis. In this paper, the local and global convexity analysis of the regular parameterized surface is studied.
To the convexity research of curves and surfaces, many scholars have obtained some results. Convexity problems of general and special parameterized curves, such as Bézier-Curves, B-splint-Curves, have been solved by C. Liu and C. R. Trass [1] , Dingyuan Liu [2] , B.de Boor [3] . However, the surfaces convexity study is always an interesting topic. H. Wai [4] derived the convexity condition of Bernstein-Bézier multinomial surface in rectangle region, G. D. Koras and P. D. Kaklis [5] presented several sufficient conditions for parameterized tensor product of B-splint convexity surface, especially, many excellent results as to the convexity research of Bezier-surface in triangle region were obtained by the research group leaded by G. Z. Chang. But those results can't be used to analyze the convexity of general parameterized surfaces, since the above results are obtained by particular methods. At present, there are still some scholars devote to the study of the convexity of binary function surface, Lia [7] and K. Fang generalized the determining method of convex function to binary functional surface, and they derived the necessary and sufficient condition of the binary functional surface. Dahmen [9] presented the convexity condition of multinomial Bernstein-Bézier and trunk splint.
Typical convexity surface is the global one, such as ovum surface, the accurate definition of which is defined in differential geometry, but there is no algebra determining method for the convexity. B. Q. Su [12] defined the local convex surface by Gauss curvature 0 K  , also, by the non-negativity (or non-positive) of normal curvature n K , Koras and Kaklis [5] defined the local convex surface, thus, the necessary and sufficient condition for the local convexity is the second fundamental form of curved surface 2 0( 0)   . Since both Gauss curvature and normal curvature describe only the local properties of curved surface, for some point on which, the Gauss curvature 0 K  means that, in the vicinity of this point, all normal section lines passing through this point bend to the same direction. The nonnegative (or non-positive) of the normal curvature at some point means that when the curvatures of the normal section lines which pass this point are not null, the bending directions of normal section lines are the same, on the contrary, for zero curvature, the bending directions cannot be determined. Thus, with Gauss curvature 0 K  , JOURNAL OF SOFTWARE, VOL. 7, NO. 6, JUNE 2012 1219 it is not comprehensive to define the local convex surface, and so does for normal curvature. On the other hand, if the geometry definition of local convex curve is generalized to convex surface, it will be too rigor. Based on the above, we present a reasonable geometrical definition for local convex surface, based on this definition and with normal curvature, we can connect the local convexity of parameterized surface with the second foundational form of curved surface together, then the necessary and sufficient condition for local convexity of parameterized surfaces, which is a algebraic inequality determined by the second foundational form of curved surface, is derived. For binary functional surface, as a special parameterized one, based on the determining condition of local convexity, it is easy to get the necessary and sufficient expressions of functional convex surfaces. Meanwhile, determining conditions for local convexity (concavity) for parameterized surfaces are established, and a necessary and sufficient condition is presented for the global convexity of parameterized surfaces. Finally, we prove that the local parameterized closed convex surface is a global convex surface.
II. Definition of convex curve
Definition2.1 A plane parameterized curve : ( ) t  rr , a t b  is an ordered set in Euclidean plane R 2 , when its direction is from ta  to tb  . If the direction of the curve is anticlockwise, then with the transformation t a b t    , the curve direction can be changed to the clockwise one, therefore, in this paper, the direction of parameterized curve can be assumed as clockwise one.
Definition2.2 For parameterized curve : ( ), ta    rr tb  , we call  is a regular curve, if ' ( ) 0 t  r . In this paper, only the regular curves in R 2 are considered, and for every point of the curve, the second derivative exists.
Since the positive direction of the tangent vector at the parameterized curve is coincident with the increment of parameter t , we define the tangent vector direction as that of tangent line'. For plane curve, the tangent line divides the plane which the curve lies in into two half plane, and along the tangent direction, the half surface that on the night of the curve is called the right surface, and the other surface is called the left one. The half surface which contains the tangent line is called as the closed half-plane.
From the view of global convexity, K. Wilhelml [11] gave the definition of global convex curves as follows:
Definition2.3 Let P be an arbitrary point on  , we call  a global convex curve, if it lies in the right closed halfplane (left closed half-plane) of the tangent line at P . Straight lines are special global convex curves. However, the definition of local convex curve is:
Definition2.4 Let P be an arbitrary point on the regular plane curve  , if there exists a neighborhood of P , and in which the segment corresponding to  is located in the right closed half-plane of the tangent line at point P , then  is called a local convex curve.
It can be discerned that global convex curves are also local convex ones. The following lemma is a discriminating theorem for local convex curves.
Lemma2. 
Consequently, we can derive the following theorem: Theorem2.4 Let  be a local convex curve in 2 C , and P (corresponding to parameter t ) be any point of  ,then in the neighborhood of P , the segments of  corresponding to tt  lie on the right or left of the major normal according to For any point P on  , the tangent plane at which is  , the semi space which the normal vector directs to is the upper semispace, the other one is the lower semi-space. Also, the semispace which contains  is called the upper closed half-space.
From the view of global convexity, K.wilhelm [11] presented the primeval geometrical definition of the convex surface.
Definition3.1 For parameterized surface
Definition3.2 For regular a surface 
Planes are special global convex surfaces. It is difficult to discriminate the global convexity of a surface, we can only prove it with the primeval geometrical definition, but there is no algebra method till now. However, B. Q. Su [12] presented the local algebra definition of a convex surface (local convex surface actually) with Gauss curvature.
Definition3.3 Given
For the Gauss curvature in definition 3.3, the author assumed 
Due to the definition of the global convex curve, we have
Above example explains that there exists a surface (developable surface) whose Gauss curvature k is 0 , but it is global convex. Then, it is not comprehensive to define a convex surface with Gauss curvature
If the definition of local convex curve is generalized to the global one directly, i.e., for any point P on the regular  , there exists a neighborhood of P , such that for any point of which,  are not necessary to posse the same positive or negative sign. Thus, it is too rigorous to define the local convex surface with the geometrical method, and also it is hard to find out an algebraic discriminating method.
Koras& Kaklis [5] defined the local convex surface with normal curvature directly.
Definition3.4 Let
be a regular surface, and P be any point of  , if along any direction at P , the normal curvatures
In differential geometry terminology, for any P of  , the geometric meaning of normal curvature
when the curvatures of normal section lines at P is not null, then directions of the bending direction of normal section lines are all the same. However, when it is null, the bending directions of normal section can not be determined. On the other hand, because the signs of , it will not be consistent with the geometry definition.
A reasonable geometric definition for local convex surface is given as follows.
Definition3.5 Let
r be a regular surface, P be any point of  , if for any normal section line which crosses JOURNAL OF SOFTWARE, VOL. 7, NO. 6, JUNE 2012 1221 P , there exists some neighborhood of P , in which the segment corresponding to the normal section line lies totally in the upper or lower half-space of the tangent space at P , then  is local convex surface.
Obviously, the global convex surface is a local convex one. Now, we will provide a necessary condition for the local convex surface by algebraic analysis method.
Theorem3. 1 The necessary condition for a regular surface
to be local convex is that for any point on  , the Gauss curvature 0 K  . Proof: Since  is a regular surface, the Gauss curvature exists at any point on  . Suppose that the Gauss curvature 0 p K  at P , i.e., P is a hyperbolic point, at which there exists two asymptotic directions, they form two pairs of vertical angles, and in which the normal section lines at P bend to the opposite side of the tangent plane respectively, which is contradicted to the definition of local convex surface, therefore, 0 K  . This finishes the proof of Theorem 3.1.
Before the discussion of the discriminating condition of convexity, conception of positive semi-definite matrix is stated.
Definition3.6 Let 
by Lemma 3.1, we have the following lemma. 
is a semi-positive( semi-negative) define matrix. ( ) s  rr is one to one, i.e.  is a simple curve. Hence, by lemma 5.1,  is a global convex curve, which finishes the proof of sufficiency.
Necessity： Let P be a double point of the global convex curve, and the corresponding two parameters are Let  be some regular local closed convex surface,  be a normal section of  at some point, and the plane which  lies in is  ，then the tangent plane at any point of  can not be the plane  .
Proof ：If the tangent plane of  at P is also  , since  divides  into two open surfaces, we can write For the piecewise closed plane curve, the rotation number is defined as [10] Let  be a local regular closed convex surface, and  be any normal section on  through M , then  is global convex.
Proof: Since  is closed, and so does for  . Let P be any point on  ，and the unit normal vector of  at P is n ，the positive direction of tangent plane  of  at P is determined by that of n , then  is a directional plane. For simplicity, we can assume that n directs to the interior of  ，by corollary 3.2, the matrix
Assume that  which  lies in is a directional one, the tangent vector of  at each point is α , and the principal normal vector is N . 
, By equation(3.6), we have Two cases will be considered： ① For the neighboring of Proof：The necessity can be deduced by the definition of global convex surface.
Sufficiency: Let M be a point on  , n is the unit normal vector of  at M , and the positive direction of the tangent plane  of  at M ，then the tangent plane is a directional one. For simplicity, we can assume the normal vector n directs to the interior of  , by corollary 3.2, the matrix ( , ) K u v corresponding to  is negative semi-definite. Now, we prove that  lies in the lower half-space. Let M be any point on  , then for M , we can draw a plane through n and M which intersects with  , and the intersection  is the normal section of  at M , by lemma 5.4,  is a global closed convex curve. Assume that the plane  which  lies in is a directional one, for any P on  , α is the corresponding tangent vector, and the tangent line is T , then for This finishes the proof of the theorem.
Ⅵ. CONCLUSION
For local convexity of any point on the parametric surface, if it is defined by the local convexity of each normal section passing through this point, then the local convexity of parametric surface and the second basic quantity of the surface can be connected, and the algebra expression of the necessary and sufficient condition for the determination of local convexity surface is derived, which solves the determination method of the local convexity of parametric surface well. In this paper, the necessary and sufficient condition [7] of discriminate the convexity of binary function is a special case. Also, the discriminate condition based on local convexity surface can be applied for determining the convexity and concavity of a parametric surface easily. Also, we show that, for the local parametric closed convex surface, the local convexity is consistent with the global convexity, which means that the local parametric closed convex surface is just a global one. Since the determination of the global convexity of a parametric surface is very difficult, in this paper, only a necessary condition is presented for the determination of such surface, and the algebra method is still unknown, which is a subject which is should be further researched.
